INTRODUCTION
Motivated by applications to the problem of the classification of finite w x simple groups Wilson 23 has determined irreducible representations Ž . over a field of characteristic 2 of quasi-simple Chevalley groups G over Ž k . GF 2 such that an element g g G of order 3 does not have eigenvalue 1. For G ( A , the alternating group of degree n, a similar problem has n w x been solved by Mullineux 20 . The classification of the finite simple groups allows one to approach many classical and new problems of recognition of finite linear groups with a given property by using representation theory. From this point of view Wilson and Mullineaux started to Ž k . classify subgroups G of GL n, 2 which contain a fixed point free element of order 3. In this paper we provide a full classification of such groups G under the natural restriction that G is irreducible and is generated by the conjugacy class of this element. In the more general Ž . situation, where an arbitrary subgroup G F GL V contains a noncentral fixed point free element g of order 3, our result can be used to identify the < irreducible constituents of the restriction V where H is the normal H subgroup of G generated by g. Ž . Let E G denote the layer of G, i.e., the maximal semisimple normal Ž . Ž . subgroup of G. Recall that if E G / 1 then E G is generated by the components of G, i.e., the quasi-simple subnormal subgroups of G. Then the main result of this paper is the following.
Ž
k . THEOREM 0.1. Let G ; GL n, 2 , n ) 1, be an absolutely irreducible subgroup and g g G a fix point free element of order 3. Suppose that G is Moreo¨er, in most cases the conjugacy class of g in G as well as the Ž representation in question and hence the parameter n can be specified for . details consult the rele¨ant sections .
The paper is organized as follows: section 1 will give some necessary definitions and general observations about representations with the property in question. Section 2 collects some technical facts about automorphisms of finite groups of Lie type, which will be needed later. Section 3 contains the classification of those groups with the designed property and solvable generalized Fitting subgroup, whereas Sections 4 and 5 deal with those groups involving sporadic simple or alternating components. The remaining cases, involving components of Lie type defined in characteristic p, naturally split into three cases:
i If p ) 3, the element g is semisimple and the representation is in ''cross-prime'' characteristic. This is analyzed in Section 6.
Ž .
ii If p s 3, the representation still is in ''cross-prime'' characteristic, but g is unipotent. This is dealt with in Section 7.
Ž . iii If p s 2, then g is semisimple and the representation is in the ''defining'' characteristic, which allows the use of an ambient algebraic w x group and its rational representations. In particular we can use 23 and adapt Wilson's method to our slightly more general situation. This is done in Section 8.
PRELIMINARIES

Ž .
We will use standard notation, in particular, F G denotes the Fitting Ž .
࠻ subgroup and F* G the generalized Fitting subgroup of G. Moreover, G denotes the set of nontrivial elements in G. We denote by H : G the < < semi-direct product of H and G with normal subgroup H and G : X the index of a subgroup X in G.
In the following all vector spaces, modules, and representations are finite dimensional. Groups under consideration are finite unless specified otherwise. Below we collect a number of preliminary results that provide Ž . information about subgroups of GL V , normalized by a fixed point free Ž . element g g GL V . For the sake of convenience we first fix some additional notation.
Ž . DEFINITION 1.1. The triple G, C, V is said to satisfy the condition Ž . FFG p, r if the following hold:
Ž . 1 G is a finite subgroup of GL V where V is a finite-dimensional vector space over the field ‫ކ‬ with characteristic p.
G 2 G is generated by a conjugacy class C s g such that g is a Ž noncentral element of prime order r acting fixed point freely i.e., without . eigenvalue 1 on V.
Ž . Ž . If in addition V is a simple G-module, G, C, V is said to satisfy FFG p, r *.
Ž . An involution of GL V acting fixed point freely on the vector space V < Ž Ž .. is in fact yid g Z GL V ; so we have 
Any abelian normal pЈ-subgroup of G is contained in Z G . being irreducible. Note that if in the original statement of 27.17 we replace < < ‫ކ''‬ is finite of order prime to p,'' with ‫ކ''‬ is finite with ‫ކ‬ ' 1 mod p,'' then the statement will be true and it is easy to see how to fix the proof given w x on page 135 of 1 . < In our situation we know already that V is homogeneous. Now fix 
Proof. We can assume that ‫ކ‬ is a splitting field for all subgroups of G. 
Proof. Use Nakayama reciprocity and the simplicity of U to see that
GrN . Now use a composition series of the ‫ކ‬G-module ‫ކ‬ GrN together w x with the Jordan᎐Hoelder theorem and 13, Theorem VII.9.12 to verify the Ž . claim in 1 .
Ž . Ž . Note that 2 is an immediate consequence of 1 .
SOME FACTS ON GROUPS OF LIE TYPE
In this section we collect some results on finite groups of Lie type which will be used later in our investigation and which might be of some general interest. 
where P denotes the set of maximal parabolic subgroups of G containing Suppose next that E ( B q with q s 2 G 8; so g induces a field 2 2 Ž . Ž . is a 3Ј-group, the Frattini argument together with Lemma 1.6 2 implies < < that E : H is a power of 2, which of course is impossible. Hence E is not 2 Ž . of type B . In particular, there exists a g-invariant S g Syl E such that 2 3 Ž .
Now suppose that g induces a field or a graph-field automorphism on E Ž . w Ž .x ² : and fix some t g S with o t s 3. By 8, 7.2 we know that t и g ; C;
Ž . but then t, g ( E 3 violates the conclusion of 1.4 1 .
The last contradiction together with 8, 9.1 now shows that g induces Ž .
3 Ž . a graph automorphism on E and that E ( D q or D q for some 4 4 suitable prime power q. Furthermore, in any case there are exactly two G-classes of elements of order 3 contained in E и g, say, with representa-Ž . Ž . Ž . ⑀ Ž . tives g and g ; moreover, C g ( G q and C g ( PGL q where
with q ' ⑀ mod 3 and PGL q ( q : SL q . In particu- 3 2 Ä 4 lar, without loss we may assume that g g g , g . Ž . Then there is ␥ g Aut G , a diagram automorphism of order 3, commuting with F and normalizing an F-maximally split torus T contained in an w Ž . x F-stable Borel subgroup. Looking at the proof of 8, 9.1 , p. 104 , we see that the elements g and g can be chosen as ␥ and t␥ with t g T. In 1 2 particular, g and g normalize T and act on this group in the same way 1 2 as ␥. w x Ž . Ž . 4 Now, according to 8 9.1 pg. 105, we see
E ' q mod 3. In the first case g and g permute three cyclic factors of T w x Originally in 25 only groups G have been considered that can be obtained from algebraic groups. For our purpose we need to refine this for central extensions of these groups with f s 2, so we can assume that the center of the extension is of odd order. These possibilities occur only for w x 17 show that the result is true for the exceptional central extensions as w x w x well. Observe that 25 and 26 are published in Russian; an English w x exposition is available in 27 .
Ž .
SOLVABLE F* G
The running hypothesis for this section will be as follows: 
and
Ž . Ž . Assume next that s 0 and s 1. So there exists a g-invariant 2 3 ² : 
with S : SЈ s 3; so all the claims are obvious in 2 this case. Henceforth we suppose that m G 2. < < Assume now that G : GЈ s 3 and fix g g C. Since S s SЈ, we have Z ( Z , GЈ s E : S, and G s Z)GЈ. Without loss we may assume that 9 Ž . 3 6 g s z и y with y g GЈ, o y s 9, and y s z g Z ; also put y s e и s with
Ž . e g E and s g S. Since 3 s o g s o g s o s , we get y s e и e и e w x and e, s / 1.
:Sp 3 with l s m y 1; considering
Ž . Ž . Clearly, as o y s 9, e g E _ E . Now there exists f g E _ C e and Ž .
0
Again fix g g C and put g s e и s with e g E and s g S. Ž . G, and so W and V can be realized over GF 4 . 1 1 w x Using the computer algebra system MAGMA 2 we easily construct Ž Ž . . Ž . both G as a subgroup of PSp 3 and the GF 4 G-module V ; similarly, 6 1 we can determine the socle series of V and find that V has Loewy length 1 1 3 with socle layers isomorphic to 36 [ 180, 54, and 36 [ 180, respectively. Moreover, the element s has nontrivial fixed points on each irreducible constituent of V . Thus we reach a contradiction, finally proving the claim. 1 We are left to show that for the groups G s E : S with E ( 3 1q 2 m and Ž . S ( Sp 3 as described above in the previous lemma there actually does
Ž . Observe that ‫ކ‬ [ GF 4 is a splitting field for E and let be a primitive element in ‫.*ކ‬ Recall that E has exactly two faithful complex irreducible characters each of which has degree n [ 3 m ; furthermore, these characters can be distinguished by and relate to the two nontrivial Ž . Ž w x . irreducible characters of Z E cf. 12, Satz V.16.14 . From this we deduce Ž . the existence of a simple faithful ‫ކ‬G-module V with dim V s n. So Ž .
Ž . Sp 3 . On the other hand, each g Out E gives rise to an equivalent 2 m Z ‫ކ‬E-module V ; thus, for each such we find a corresponding element
Ž
Next we want to find the appropriate class C of elements of order 3 in ² : G such that G s C and elements of C act fixed point freely on V. For this purpose we use induction on m.
irreducibly on the underlying three-dimensional vector space V , the triple with
² : a normal subgroup of G not contained in E; so we get G s C . In Ž . Ž . particular, G, C, V now satisfies FFG 2, 3 *.
Ž . Finally, suppose that W is a simple ‫ކ‬G-module such that G, C, W Ž . satisfies FFG 2, 3 * where ‫ކ‬ is a splitting field of characteristic 2 for G and all its subgroups. Note that the construction given above also works over ‫.ކ‬ Denoting the set of eigenvalues of the action of an element y g G on a Ž . Ž . Ž . Ä 4 G-module X by y , we may assume that z s z s for a X W V fixed generator z of Z and a fixed primitive third root of unity. 
In this section we shall deal with a special instance of this situation assuming throughout the following: w x According to the information given in 3 every element of order 3 in a Ž . sporadic simple group is conjugate to its inverse; therefore 1.5 1 now yields a contradiction.
We may assume now that Z ( ‫ޚ‬ and Z ( ‫ޚ‬ ; in particular, G s 0 3 9 w x Z)GЈ. Again by the information in 3 , the triple covers of the seven sporadics listed above do not contain elements of order 9 which cube to Ž . Ž . elements in Z . As this contradicts 1.5 2 , Z s Z F E G and thus 0 0 Ž . G s E G . Now the remaining claims are immediate.
In the next few steps we are going to eliminate most of the possible choices for the group G in question. 
Proof. The 2-modular character tables of the groups listed in 1 ᎐ 3 w x are well known and can be found in 17 . So a straightforward inspection yields the claim of these groups.
Ž . Ž . As for U 2 , we observe that it contains a subgroup X ( U 3 with 6 4 < < < Ž .< Ž . Ž . Ž . X s U 2 ; so Part 3 together with 1.4 3 yields the claim in 4 . Proof. Let H be any of the sporadic groups listed in the claim above Ž . and let R g Syl H . Now we inspect the various possibilities for H. time. This contradiction now proves:
24
Ž . w x Using 2 together with the information in 3 we now find that without loss C is the 3 A-class in G, dim V s 6 , and V is determined, 2 uniquely up to duality. , C is the 3 A-class 
Ž . 2 G ( Co
Ž . ² :
Proof. Observe that G has a cyclic center; so we put Z [ Z G s z .
Ž . Also note that O G s 1. Since automorphism groups and Schur multipli-2 ² : ers of alternating groups are well known and since G s C , we easily deduce Ž . of 1.5 1 yields a contradiction. Thus we have G s E G ( Alt .
n Suppose now that g g C is not a 3-cycle. If n F 8, then the remaining w x claims follow directly from 17 . Henceforth we may assume that n G 9.
Ž 2 . But now we easily verify that there exist subgroups X ( E 3 in G with < < Ž . X l C G 6. As this contradicts 1.4 1 , we are done.
COMPONENTS OF CHARACTERISTIC p-TYPE, p ) 3
Ž .
In this section we consider the case where E G is a quasi-simple group of Lie type defined over a field of characteristic p ) 3. 2 2 q ' y1 mod 3 and stabilizes a nontri¨ial abelian 3-group of X without centralizing it.
Ž . Proof. Let D denote the subgroup of Aut X generated by inner and w x diagonal automorphisms. By Theorem 9.1 of 8 we easily verify that any Ž . element of Aut X _ D centralizes a nontrivial p-subgroup of G; therefore g D.
Without loss of generality we can assume that X s GЈrZ where Z F Ž . Z GЈ and G is the group of F-fixed points G s G , where G is a F connected reductive algebraic group with Frobenius endomorphism F. 3 
y1 Ž . Now is induced by an element g g G with g g Z G and g F g g Ž . Ž w x. Ž . Z G see 21 . Hence C g is F-stable and, as p / 3, g is semisimple. Ž . Ä y1 4 no root in ⌽ annihilates g. Since g g Z G , we have ␣ g g , for each root ␣ g ⌽, where denotes a primitive third root of unity in the algebraic closure of ‫ކ‬ .
Note that root systems of types A , B , C , and G always have a triple of roots as above: In the case of A take the three fundamental 3 roots; in the case B , C , or G take ␥ s ␤ with ␣ q ␤ and ␣ q 2 ␤ g ⌽.
So we conclude that ⌽ does not contain any of these root systems as a closed subsystem and therefore ⌽ must be contained in a system of type Ä 4 A . Hence G g SL , SL and g is not contained in any proper F-stable
over, is induced by an element g g G which is not contained in anỹ proper parabolic subgroup of G. Ä Ž . Ž .4 If G g GL q , GL q then g must be contained in a Coxeter torus 2 3 2
3Ž
. which is cyclic of order q y 1 or q y 1, respectively. In both cases Z G coincides with the subgroup of order q y 1; hence 3 divides1 ifŽ . Ž . G ( GL q and 3 divides q y 1 if G ( GL q . In particular we are 2 3 Ž . done in case G ( GL q .
2Ž
. If G ( GU q , then G has three conjugacy classes of maximal tori of
. orders1 q y 1 ,1 , and1 q y1 , respectively, where the third class consists of Coxeter tori. Since the tori in the first class are quasi-split and therefore contained in a Borel group of G, g must belong to a torus of the second or third kind; in particular, 3 must divide1.S uppose that g belongs to a torus T of the second kind and consider
as the subgroup of -fixed points x g GL q x s x where
. Here q denotes the operation which raises each entry of x to the qth power and tr means a transposition of matrices. Now T can be
Ž . Henceforth we can assume that G ( GL q or G ( GU q and g is 3 3 Ž . an element of a Coxeter torus. Let ⑀ s 1 in the case of GL q , ⑀ s y1 in Ž . g is not in Z G , its eigenvalues are , , with g ‫ކ‬ of order 3 . q Ž . In particular, det g / 1 and so g g G _ G and g induces a diagonal automorphism on X.
Let 
Ž . ␣ of order 3 on H which, by 1.6 2 , satisfies condition * of 2.1; so ␣ does not normalize any nontrivial p-subgroup of H. So, by 6.1, H is of type Ž .
2
Ž .
A q or A q with q ' y1 mod 3; moreover, ␣ is the product of an 1 2 inner and a diagonal automorphism of H. Ž . Assume first that H is of type A q . 1 
Recall that q f 9 and thus L q has Schur multiplier of order 2; since 2 Ž .
Ž . Ž . O G s 1, we get Z H s 1 and hence H ( L q . Clearly, g induces an 2 2
Ž . inner automorphism on H and thus
Assume now that Z / 1 and thus Z ( ‫ޚ‬ . : applied to X, g , we conclude that q s 5 and g g X; in particular, Ž . Ž . w x g g H and thus G s H ( P SU 5 . A look at 17 now reveals that we 3 have derived a contradiction, finally completing the proof.
COMPONENTS OF CHARACTERISTIC 3-TYPE
In this chapter we shall investigate finite groups G satisfying the following hypothesis: Ž . Proof. Suppose that G satisfies the hypothesis CH3 and put E [ Ž .
Ž . By 2.2 we know that elements of GrF* G can induce only diagonal automorphisms on E. Since E is defined in characteristic 3, the group of Ž . outer diagonal automorphisms of E is a 3Ј-group; therefore G s F* G . In particular, G s Z) E.
< < Suppose first that 3 does not divide Z and thus G s Z = E with 0 1 Ž . w x Ž . Ž . PSp 3 ; using information in 17 we now establish the claims in 1 ᎐ 3 . Ž . n G 2 by application of 1.5 1 . By 2.4 we know already that this case w x actually does occur. In addition to that, 9 also gives a description of the Ž . module V under consideration; with this the claims in 5 follow.
< < Henceforth we may assume that 3 divides Z . An inspection of the 0 Ž w x. Schur multipliers of the possible candidates for E e.g., see 3 then yields Ž . Outdiag E G , the subgroup of Out E G generated by diagonal automor-Ž . phisms. Since the group E G is perfect it is easy to see that 
Ž . For any g g C there is h g H such that h acts on E G in the same < < way as g does and by Schur's lemma we get g s h и Id for some
Ž < . scalar g ‫.ކ‬ Hence we get h g Z H and ࠻Spec h s 2. Obviously we Ž < . with h g Z H , V absolutely irreducible, and ࠻Spec h s 2. We abbre-V Ž . Ž . viate the set of these triples as IS 2, 3 * incomplete spectra .
We need the following observation: Ž . So we can assume that the root system ⌽ of E G is of type as prescribed in Lemma 8.2. Note that all these root systems are ''simply laced,'' i.e., all roots have the same length. Ä 4 ² : Let ⌸ [ ␣ , . . . , ␣ be a base of ⌽, Q [ ⌽ the root lattice, and
the weight lattice with , . . . , the set of funda-
of Lie theory.
Note that Q and P are dual to each other; i.e., there are pairings
‫ޚ‬ ‫ޚ‬
For any Q F S F P we define :
Ž . Ž .
Ž .
q gives rise to the exact sequence of W-modules 
The next results state that no ''new cases'' occur for groups with E G having a root system of type D , l odd.
Ž . E G . Then H acts on the module V and H, h, V g IS 2, 3 *. Now the Ž < . following lemma implies that 1 f Spec h l, which is a contradiction. ² :
² :
' y r , q r , w Ž . 
notes the natural module then, up to duality, the module V can be i i Ž . 
M i
Proof. We will show that one of the following cases must occur:
Ž . i n s 0, n s 1, n s n y 1; 0 1 y1
Ž .
ii n s 0, n s n y 1, n s 1; 0 1 y1
iii n s 1, n s 0, n s n y 1; 0 1 y1
iv n s 1, n s n y 1, n s 0; 0 1 y1
v n s n y 1, n s 0, n s 1; 0 1 y1
iv n s n y 1, n s 1, n s 0. Hence d q 1 s n and we get n s n q n s i y n q 1 q n s i y1 y1 0 y1 y1 y1 q 1 « nr2 G i s n y 1 which leads to the contradiction n F 2. The rest of the statement follows from symmetry. 
